We generalize a result by Stoll on the Brauer-Manin-Scharaschkin obstruction for zero-dimensional subvarieties of abelian varieties to almost split semi-abelian varieties. As consequences, we give an essentially different proof of a partial result on some exponential local-global principle over number fields, originally established by Bartolome, Bilu, and Luca, and generalize it to any global field; we also extend our consideration of this obstruction to a broader situation which has some dynamical interpretation, and improve a result by Hsia and Silverman.
Introduction
Let K be a global field, and denote by K alg the algebraic closure of K. Let Σ K be the set of all places of K, and Σ ∞ K ⊂ Σ K be the subset of all Archimedean places. Fix a cofinite subset Σ ⊂ Σ K , and a semi-abelian variety A/K with a closed subvariety X/K. For any topological space V we denote by V • the space of its connected components equipped with the quotient topology. Let H ⊂ A(K) be a subset. We identify every subset and that of the stronger one
In the case where K is number field, X is a projective curve of genus at least two embedded into its Jacobian A via one of its degree-one divisors over K, and H = A(K), it is Scharaschkin's thesis where a close connection between the common left side of both (1.1) and (1.2) and the Brauer set of X/K introduced by Manin is first discovered (cf. Corollary 7.4 in [Sto07] ); Poonen and Voloch generalize Scharaschkin's discovery to the function field case (Proposition 4.6 in [PV10] ), in which (1.1) is conjectured for any abelian variety A and H = A(K) (Conjecture C in [PV10] ), and (1.2) is established under some mild hypothesis (Theorem B in [PV10] ). Still in the function field case, it is the author [Sun13b] who prove (1.2) in a situation where A may not be projective and thus (1.1) may fail for H = A(K); in another circumstance, the author [Sun13a] also verifies (1.1) in some situation where the stronger equality (1.2) fails. However, in the number field case, the only result on (1.1) when H is a subgroup is proved by Stoll (see the remark after Theorem 3.11 in [Sto07] ), who treats the case where X has dimension zero, A is an abelian variety, and H = A(K).
Call A/K almost split if the base extension of A to K alg is isogenous to a direct product of an algebraic torus and an abelian variety. Our main result is the following generalization of Stoll's.
Theorem 1. Suppose that K is a number field, that X has dimension zero, that H ⊂ A(K)
is a finitely generated subgroup, and that A/K is almost split. Then (1.2) holds.
In the case where A is an algebraic torus, Qing Liu and Fei Xu (Theorem 1.4 of [LX] ) have recently obtained an essentially equivalent statement of Theorem 1.
As a first application, we deduce the main result of a paper by Bartolome, Bilu, and Luca [BBL13] with an essentially different proof. While they work in the number-field case and there are difficulties in carrying over their proof to global function fields with a small characteristic, our proof works for any global field.
For any P ∈ A(K) and any submonoid M ⊂ Z under the usual multiplication, we define M P = {mP | m ∈ M }, which is a subset of A(K). Another application of Theorem 1 is the following result, which admits some dynamical interpretation. Remark 1. Theorem 3 would be false if submonoid M ⊂ Z were not assumed to be finitely generated. To see this, just observe that, under the assumption (which always holds when A is an abelian variety) that
is the valuation ring of K v , the topology of the subgroup ZP ⊂ A(K) is generated by its subgroups with finite index; hence the sequence (n!P ) n≥1 in the set NP , converges in ZP to the neutral element O ∈ A(K), which does not belong to NP . Precisely, if A is an abelian variety, P ∈ A(K) is not a torsion point, O ∈ X(K), and the set X(K) ∩ NP is finite, then
When M is generated by a single element d ∈ Z, the set H = M P is exactly the orbit of P under the multiplication-by-d map on A. In this special case, it is Hsia and Silverman [HS09] who first investigate the truth of (1.2) and establish part (i) of Theorem 3 in a more restrictive situation where X is the translate of the one-codimensional B by a point in A(K). We will give Proposition 10 as a vehicle, which deduces Theorem 3 from Theorem 1 and also produces some function-field analog of Theorem 3. A primitive form of this reduction is proposed by Hsia and Silverman [HS09] , but is not used in their proof for the aforementioned special case of Theorem 3. Instead, their proof relies on some Bang-Zsigmondy type theorems, and we will also investigate its function-field analog.
The rest of this paper is organized as follows. In Section 2, we establish Theorem 1 by adapting the proof of Theorem 3.11 in Stoll's paper [Sto07] . In Section 3, we prove Corollary 2 and Theorem 3 as consequences of Theorem 1, and study their function-field analogues.
Proof of Theorem 1
Throughout this section, we suppose that K is a number field. For each n ∈ N, denote by K n the n-division field for A over K; in other words, K n is the smallest extension of
As usual, for any finite extension L of K, the short exact sequence
) into the first Galois cohomology group. In particular, the kernel of the natural map
The following lemma is the key to prove Theorem 1.
Lemma 4. Suppose that A is either an abelian variety or an algebraic torus. Then there is a natural number N which kills the kernel of the natural map
Proof. We only have to prove the first assertion, from which the second one follows formally. The remarks preceding this lemma show that the desired conclusion holds if there is a natural number which kills H 1 (K n /K, A[n]) for each n. In the case where A is an abelian variety, the latter condition is proved in Lemma 3.1 of [Sto07] . We note that for any finite extension L of K, the kernel of the natural map 
In this situation, we shall show that the natural number N whose existence is asserted in the desired conclusion can be taken as the number w K of roots of unity in K. Our following argument is inspired from the proof of Lemma 6 of [Sta80] , and relies on the property that K n is abelian over K. To obtain the desired conclusion, it suffices to show that for any
for some β ∈ K n , and let P n be the set of prime ideals of O K neither containing n nor being ramified in K n . As Gal(K n /K) is abelian, we denote by σ p ∈ Gal(K n /K) the unique Frobenius element associated to each p ∈ P n . For any σ ∈ Gal(K n /K) we note that σ(β)β −1 ∈ K n is an n-th root of unity; for every prime ideal q ⊂ O K n such that q ∩ O K ∈ P n , since n / ∈ q, different n-th roots of unity in K n do not reduce to the same one in O K n /q, thus we have σ p (σ(β)β
Hence we see that
, where s is the greatest common divisor of the natural numbers in the set {Np −1 : p ∈ P n }.
In the polynomial ring (O K /p)[T ], the polynomial

T
Np−1 −1 splits completely, and so does its factor T s −1. Therefore all but finitely prime ideals in O K split completely in K s , and thus Chebotarev density theorem tells us that
The use of Lemma 4 in this paper is through the following assertion, which is analogous to Lemma 3.4 in [Sto07] .
Lemma 5. Suppose that A/K is either an abelian variety or an algebraic torus. Let n be a natural number, Q ∈ A(K)/nA(K), and m be the order of NQ, where N is the number from Lemma 4. Then the density of places
the following commutative diagram, where the rightmost downward map is the restriction of homomorphisms Gal(
, which is identified as the subgroup of Gal(K alg /K n ) of elements acting as the trivial permutation on the set of places of F above w for any finite Galois extension F over K n :
is contained the kernel of the homomorphism α, which is equal to Gal(K alg /L) for some finite abelian extension L over K n since the image of α is a finite abelian group. The condition Gal(K
is the only one which acts as the trivial permutation on the set of places of L above w. Since Gal(L/K n ) is abelian, the latter condition means that w splits completely in L, and so does v. By Chebotarev density theorem, the density of such
On the other hand, the degree [L : K n ] is a multiple of the order of α, and thus a multiple of m by Lemma 4. Therefore the desired conclusion follows. ✷
Lemma 6. Suppose that A/K is either an abelian variety or an algebraic torus. Then for every
In the case where A is an abelian variety, the desired conclusion is well-known. For any finite extension
Hence, the remaining case is further reduced to the situation where A = G m . To prove the desired conclusion in this situation, let 
• is Hausdorff and totally disconnected, hence its topology is generated by subgroups. As a consequence, for any subgroup
Lemma 7. Suppose that A is either an abelian variety or an algebraic torus. Then for every n ∈ N, every v ∈ Σ K and every sequence
converges, there is a convergent subsequence of (P i ) i≥1 . In particular, for every n ∈ N and every finitely generated subgroup J ⊂ A(K), we have q(nJ) = nq(J).
Proof. To prove the first assertion, fix a natural number n ∈ N, a place v ∈ Σ K , and a sequence (P i ) i≥1 in A(K v ) • such that the sequence (nP i ) i≥1 converges. In the case where either v ∈ Σ ∞ K or A is an abelian variety, the desired conclusion holds simply because of a standard fact that A(K v ) • is a compact set. In the remaining case, note that for any finite extension L/K and any
there is some such L and w as well as a subsequence of (P i ) i≥1 which converges in A(L w ), then the same subsequence converges in A(K v ) since it lies in A(K v ), which is naturally embedded as a closed subset of A(L w ). Therefore we only have to treat the situation where A = G m , in which case the desired conclusion follows from Hensel's Lemma.
It remains to prove the second assertion. Since the multiplication-by-n map on
• is continuous, we have q(nJ) ⊃ nq(J); hence it is enough to show that for any P = (P v ) v∈Σ ∈ q(nJ), there is some Q ∈ q(J) such that P = nQ. By assumption, there is a sequence (
The hypothesis that J is finitely generated implies the existence of a finite subset
Applying the first assertion to each v ∈ S and using the compactness of v∈Σ\S U v , it follows that there is a subsequence ( Proof. For (i), by the definition of Cauchy sequences, the second assertion follows from the first one, which may be proved by an argument parallel to the proof of Proposition 2 in [Sun13b] , which treats the global-function-field case.
To prove (ii), note that (i) implies that for each n the kernel of θ n is exactly q(nH), which equal to nq(H) by Lemma 7. Let x ∈ q(H) lie in the kernel of θ n for all n, i.e. To prove (iii), since (m − 1)!R i ̸ = 0, by (ii) there is a natural number n i such that 
where O S is the ring of S-integers in K. Letting M 0 be the order of the torsion subgroup of the finitely generated abelian group (
for each natural number n. Since the natural map
is injective, this implies that for each natural number n, the kernel of the natural map
Hence we conclude this lemma by letting M be M 0 times the cardinality of the kernel of f . ✷ Proof of Theorem 1. We may replace K by a finite extension (cf. Theorem 3.11 of [Sto07] ) and assume that X(K alg ) = X(K) and that there is an isogeny f : A → G r m × B defined over K for some non-negative integer r and some abelian variety B/K. Since we have
where the last inclusion follows from the assumption that X(K alg ) = X(K) and says that P v ∈ q v (X(K)) for each v ∈ Σ. We only have to prove the claim that there exists Q ∈ q(X(K)) ⊂ q(H) such that P − Q ∈ q(H) is a torsion element, for then it follows from the first conclusion in (i) of Lemma 8 that P −Q ∈ q(H) (cf. Lemma 7 in [Sun13b] ), i.e. P ∈ q(H) as desired.
To do this, we first perform a reduction to the case where A = G r m × B, hence to the situation where either A = G m or A = B. Since X(K alg ) = X(K) and f is defined over K, we have (f (X))(K) = f (X(K)). As f induces a continuous map
q(H) .
Noting that q((f (X))(K)) = q(f (X(K))) = f (q(X(K))), our claim for the case where
is a torsion element of f (q(H)), and since the kernel of f is finite, it follows that P − Q is a torsion element of q(H). This completes the desired reduction.
It remains to establish our claim for the case where either A = G m or A = B is an abelian variety. Assume that the desired conclusion fails, i.e. for each Q ∈ q(X(K)) the element MN(P − Q) ∈ q(H) is a non-torsion element, where N and M are the numbers from Lemma 4 and Lemma 9 respectively. Let m be a natural number larger than the cardinality |X(K)| of X(K). By (iii) of Lemma 8, there is a natural number n such that for each Q ∈ q(X(K)) the order of MN · θ n (P − Q) is at least m, where θ n : q(H) → H/nH is the map defined in (i) of Lemma 8. From Lemma 9, the order of the image of N · θ n (P − Q) in A(K)/nA(K) is at least m. Then Lemma 5 shows that the density of places v ∈ Σ K such that v splits completely in K n and such that the image of
is not trivial. By the first assertion of Lemma 7, nA(K v 0 ) is closed in A(K v 0 ), therefore θ n (P ) and θ n (P v 0 ) have the same image in A(K v 0 )/nA(K v 0 ). These two conclusions lead to a contradiction that
Proof of Corollary 2 and Theorem 3
Proof of Corollary 2. As in Section 4.1 of [BBL13] , we may assume that Γ is cyclic and generated by γ ∈ G m (K), and hence for each i we have α i = γ ν i for some
Let X ⊂ G m be the closed subvariety defined by the vanishing of the function
Since K is a global field, the condition stated above means that X( v∈Σ K v ) ∩ Γ ̸ = ∅, where we take Σ = Σ K \ S and denote by Γ the topological closure of Γ in G m ( v∈Σ K v ) via the diagonal embedding. Note that Σ contains only non-Archimedean places, and that X has dimension zero unless X = G m . Applying either Theorem 1 (which treats the number-field case) or Theorem 1 of [Sun13b] (which treats the function-field case), we see that X(K) ∩ Γ ̸ = ∅, which is equivalent to the desired conclusion. ✷ Specialized in the number-field case, the following result implies Theorem 3, whose assumptions are set so that Theorem 1 justifies the truth of the assumption on (3.1) below required in the implication. Recall that X/K is a closed subvariety of A. 
holds for every rank-one subgroup J ⊂ (A/B)(K), where, similar to those settings in Introduction, q :
T +M P for a finite subset T ⊂ A(K) of torsion points and a finitely-generated submonoid M ⊂ Z under the usual multiplication and a point P ∈ A(K), where + denotes the group operation in A. Then the following statements hold. (i) If π(X)(K) contains no torsion element of (A/B)(K), then (1.2) holds.
(ii) If X = X + B as subvarieties of A, then (1.1) holds.
; in particular, we have assumed that M P and hence M are infinite. As T is finite, there is some point Q ∈ T and a sequence
Since M is infinite and finitely-generated, there must be a finite subset G ⊂ M such that M \ ( g∈G gM ) is finite and that gM ̸ = M for each g ∈ G. As G is finite, there is some g ∈ G such that the set gM contains a subsequence of (n i ) i≥0 ; thus
). Inductively, we may find a sequence (m i ) i≥0 in M such that m 0 = 1, m i = g i m i−1 with some g i ∈ G, and for all i we have
where Z[T ] denotes the subgroup of A(K)
generated by T . Then we see that
where the last equality follows from the assumption on (3.1) since
is a subgroup of (A/B)(K) with rank at most one. This shows that for infinitely many
] is finite and the restriction q| (A/B)(K) is injective, it follows that π(P ) ∈ (A/B)(K) is a torsion point, and so is π(R) ∈q((A/B)(K)) since the finite set Z[π(T )] consists of only torsion points. Because q| π(X)(K) is injective, this proves (i). Now we see that the set
is finite. Hence for almost all i, we have π(q(Q + n i P )) = π(R) ∈q(π(X)(K)), which implies that q(Q + n i P ) − R is a point on B, and thus the K-rational point q(Q + n i P ) = R + (q(Q + n i P ) − R) lies on X + B = X by the assumption of (ii). This shows that R ∈ q(X(K) ∩ H) and completes the proof. ✷
In the function-field case, Theorem B of [PV10] and Theorem 1 of [Sun13b] establish some situations where the assumption on (3.1) holds. These two results, combined with the next lemma, show in particular that the assumption on (3.1) always holds if the quotient A/B has dimension one and its subvariety π(X) has dimension zero.
Recall that we say that A over a function field K is isotrivial if the base extension of
is isomorphic to that of another semi-abelian variety over the algebraic closure of the constant subfield of K. In the case where A is an elliptic curve E, a fact says that E is isotrivial if and only if its j-invariant lies in the constant subfield of K. Denote by K sep the separable closure of K. The following lemma comes implicitly from [Sch05] . 
Lemma 11. If K is a function field of characteristic p and an elliptic curve
, which is the constant subfield of K. This contradicts to that E/K is not isotrivial. ✷ In the special case where K is a number field, M is cyclic, and X is the translate of the one-codimensional B by a point in A(K), conclusion (i) in Proposition 10 is proved by Hsia and Silverman [HS09] . Instead of using the assumption on (3.1), their proof relies on some Bang-Zsigmondy type theorems, which are known for elliptic curves and the multiplicative group over number fields. In the next proposition, we generalize these results to any global field.
In the case where K is a function field, we fix a choice of valuations for each place of K, in terms of which we define an additive height function on K as follows. Denote by
, where κ v denotes the residue field of K with respect to v; we also identify v with the associated surjective discrete valuation v :
. By convention, we set h K (0) = 0. We also declare that every natural number is prime to zero. 
Proof. First we deal with the case where A is a one-dimensional algebraic torus; by enlarging K, we may assume that A = G m . In the case where K is a number field, the desired conclusion is contained in the main result of [Sch74] . In the case where K has positive characteristic p, the proof is easier and is presented as follows. Choose a derivation D on K such that δ v := v(D(π v )) is non-negative for all but finitely many v ∈ Σ K , where π v ∈ K is a chosen element with v(π v ) = 1. It is easy to see that for every
the proof of Lemma 6 in [Sun13a] ). Now we write the non-torsion point P ∈ A(K) as an element a ∈ G m (K) \ G m (k). Consider the finite set a) ) tends to the infinity as m does, this proves the claim.
It remains to handle the case where A is an elliptic curve, which we rename as E, defined over K with the identity O ∈ E(K). When K is a number field, the desired conclusion is the main result of the short paper of Cheon and Hahn [CH99] . We prove the function-field case by slightly modifying their proof, in which the use of formal logarithm can be avoided. Let p be the positive characteristic of K. Let x and y be Weierstrass coordinate functions on the elliptic curve E such that O is their pole of order 2 and 3 respectively, and let a 1 , a 2 , a 3 , a 4 , a 6 ∈ K be the coefficients of the associated Weierstrass equation for E. Let
which is a finite set. Put z = − x y and w = − 1 y . The expansion around O of the group law of E in terms of z (cf. Section IV.1 of [Sil09] ) shows that for any v ∈ Σ K \ T and Q ∈ E(K) such that v(z(Q)) > 0, we have v(w(Q)) = 3v(z(Q)), and that for any
where P m denotes the set of all positive rational primes dividing m. There exists a canonical height ĥ E : E(K) → R ≥0 such that ĥ E (nQ) = n 2ĥ E (Q) for every Q ∈ E(K), and that the difference |ĥ E (Q) − h K (x(Q))| is bounded as Q ranges over E(K). (See Section VIII.9 for the number-field case; the construction also works in the function-field case.) Hence there is a positive number C independent of m such that
If E is isotrivial, then after enlarging K, we may assume that each a i lies in the constant field k, hence the valuation of the minimal discriminant of E is zero, and E has good reduction at every place of K; this shows that S ∪ T = ∅. Now consider the case where S ∪ T ̸ = ∅ and pick a place v ∈ S ∪ T ; in particular, we may assume that E is not isotrivial, which implies that E is ordinary (Theorem 3.1 of Chapter V of [Sil07] ), that
] is finite by Lemma 11, and that the K/k-trace of E is zero since E has dimension one. Applying Theorem 2 in [Vol95] , since P is not torsion, we have that min{v(x(mP )), 0}/ĥ E (mP ) tends to zero as m tends to the infinity. Therefore, the last inequality shows that m is bounded as desired. ✷ To avoid trivial cases, assume that X has dimension zero and d ≥ 2. As in the proof of Theorem 1, we may assume that X(K alg ) = X(K). For a contradiction, we suppose that R = (R v ) v∈Σ ∈ q(X( v∈Σ K v )) ∩ q(H) \ q(X(K) ∩ H), or equivalently, that R = (R v ) v∈Σ ∈ q( v∈Σ X(K)) ∩ (q(T + M P ) \ q(T + M P )). As T is finite and M = {d n : n ≥ 0}, there is some Q 0 ∈ T and a sequence (d n i ) i≥0 such that the sequence (q(Q 0 +d n i P )) i≥0 converges to R. Hence for each v ∈ Σ\Σ Since r is arbitrary, we reach a contradiction, which completes the proof. ✷
